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In this paper we derive some a priori estimates on the resolvent of one
dimensional Schrodinger operators from the solutions of the associated differentialÈ
equation with real energy. In particular this implies the existence of an absolutely
continuous spectrum in some situations. Q 1996 Academic Press, Inc.
1. INTRODUCTION
A natural question arising in the analysis of Sturm Liouville operators,
2 2 . H s p q V, p s idrdx, defined on H s L R and more generally in
.larger dimensions is the link between the propagation properties induced
by the flow eyi H t and the structure of the set of solutions of the associated
differential equations for real energy.
w xAlong this line, from the pioneering works of Pastur 9 the research has
been focused on a class of random operators, resulting in pure point
 w x .spectrum see 2, 10, 3 and references therein . The absolutely continuous
spectrum situations seem to have been much less studied. However, we
w xmention the works of R. Carmona 1 and those of D. J. Gilbert and D. B.
 .Pearson who characterise the spectrum in terms of the so-called `` non-
w xsubordinacy'' of solutions 5, 11, 12 . Finally notice that there exists a
geometrical approach of differential operators related to spaces of curves
w x6 .
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In this paper, we are interested in the explicit link between the behavior
 .y1of the resolvent, H y E y i« as « goes to zero and the two dimen-
sional linear space of solutions:
yc 0 x q V x c x s Ec x 1.1 .  .  .  .  .
In particular we shall show the following: let H be an essentially self-
s .adjoint operator on C R , for a suitable s, and suppose that for a real0
 .  .energy E and for a fundamental set of real solutions of 1.1 , w , w ,1 2
there exists a function F and two positive constants c , c such that1 2
a c F x F w 2 q w 2 F c F x .  .  .1 1 2 2 1.2 .
< <b lim F9 x - `. .  .xªq`
Then the estimate
y15 5sup K H y E y i« K - c 1.3 .  .0 - « -1 E E E
holds for the explicit constant c and function K .E E
X X  .In particular if w w q w w is bounded then 1.2 is satisfied. As an1 1 2 2
 .  .immediate consequence of 1.3 , if the condition 1.2 is true on a Borel set
S of strictly positive Lebesgue measure then H has purely absolutely
 w xcontinuous spectrum on S see 4 for some cases of quasiperiodic poten-
. tials . Moreover our method shows that for all E in S, w y lim Im H y
« ª 0
.y1  .E y i« / 0 and S9 s S l s H have the same Lebesgue measure asa.c
S. We also emphasize that, as has been shown in the many body problem
w x8 , resolvent estimates bring much more physical information than just the
spectral one.
w xThe method used here is implicitly close to the one given in 7 . It is
based on the factorisation of H y E as a product of two differential
operators of the first order. We will discuss this question in Section 2.
Section 3 is devoted to the proof of the main result of this paper and we
also discuss its extension under a weaker assumption.
2. RESOLVENT ESTIMATES FOR APPROXIMATE
HAMILTONIANS
2 2 .Consider an operator H s p q V on H s L R and suppose that H is
` .essentially self-adjoint on C R . We will make this assumption precise0
later. As was explained in the Introduction of this work, our analysis is
based on a factorised form of the operator H y E, E g R. Hence suppose
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 .  4h.1 There exists a fundamental set of real solutions w , w of1 2
X  .yw0 q Vw s Ew, s.t. w , w g A.C. R , j s 1, 2 and with a wronskianj j
 .W w , w s 1.1 2
Let
A s p q f , A s p y f , 2.4 .q 0 y 0
where
f s yi wX q iwX r w q iw s fy2 y if9fy1 , f 2 s w 2 q w 2 . .  .0 1 2 1 2 1 2
2.5 .
A , A are densely defined operators on H and in the form sense onq y
` . ` .C R = C R we have0 0
p2 q if X y f 2 s A A . 2.6 .0 0 y q
The relation if X y f 2 s V y E, valid in the distributional sense, is a riccati0 0
 .equation whose solution is given by 2.5 . This implies
H y E s A A . 2.7 .y q
` .On the other hand, in the operator sense on C R , the relations0
i A s f a fy1 , a s p q fy2 . q q q 2.8 .y1 y2ii A s f a f , a s p y f . y y y
 .together with 2.7 give
H y E s fy1a f 2a fy1 . 2.9 .y q
Then it follows
` .LEMMA 2.1. In the operator sense, on C R , we ha¨e0
H y E s A A s p y f p q f 2.10 .  .  .y q 0 0
and
H y E s fy1a f 2a fy1 . 2.11 .y q
These are the factorised forms of H y E mentioned above and used in
 .  .  .the sequel through formula 2.16 . Notice that generally 2.10 and 2.11
involve non-invertible operators and it is more convenient to use
Ä2 Ä2A « s p q f q i«f , A « s p y f y i«f , 2.12 .  .  .q 0 y 0
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Äwhere f is a function having the same regularity as f and verifying
Ä'm , m , 0 - m F m - ` s.t. m f F f F m f . 2.13 .1 2 1 2 1 2
 .  . ` .A « , A « are closed operators on H and as operators on C R ,q y 0
2Äf
A « A « s H « y E y 2 i« ; .  .  .y q  /f
2Ä2f f 9 . 2 4ÄH « s H y « q « f . 2.14 .  .2f
 .This gives a substitute to formula 2.7 and leads us to use the assumption,
 .  . ` .h.2 H « is essentially self-adjoint on C R .0
 .We will denote by the same symbol the self-adjoint extension of H « .
 .Now 2.8 is replaced by
y1 y2 Ä2i A « s f a « f , a « s p q f q i«f .  .  .  .q q q 2.15 .
y1 y2 2Äii A « s f a « f , a « s p y f y i«f .  .  .  .y y y
 .and then 2.11 by
2Äf
y1 2 y1H « y E y 2 i« s f a « f a « f . 2.16 .  .  .  .y q /f
Finally notice also that
2Äf
U U U Uy1 2 y1H « y E q 2 i« s A « A « s f a « f a « f .  .  .  .  .q y q y /f
2.17 .
` .holds in the operator sense on C R .0
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The second part of this section is devoted to the decomposition of the
 .  .  .resolvent of H « ; we note first that a « , a « are invertible operatorsq y
on H with inverse defined by
x
y1 yu  x . qu  t .i a « u x s yie e u t dt .  .  .  . . Hq
y` 2.18 .q`
y1 u  x . yu  t .ii a « u x s ie e u t dt , .  .  .  . . Hy
x
x Ä2 x y2 .  .where u x s « H f dt y i H f t dt for some x , at least on a suit-x x 00 0 w xable dense subset of H. Then by standard arguments of 7 or in that case
y1 . y1 .by a direct calculation, f a « f, f a « f are bounded operators on Hq y
Ä2 2 2  .4   .4since Im a « s yIm a « s «f G « m f andq y 1
y1y1 25 5f a « f F m « . 2.19 .  . ." 1
Moreover we have the following estimates
 .LEMMA 2.2. For all a ) 0 and u, ¨ g H = H
y1 y1 :  : 5 5 5 5sup u , x a « x ¨ F a u ¨ , 2.20 .  . .a a"
«)0
 :  < <.y1r2yawhere x s 1 q x .a
 .  .Proof. By using the explicit form 2.18 of the kernel and since Re u x
x Ä2 1 .s « H f dt is a non-decreasing function, we get for w g L Rx 0
y1 15 5a « w x F w . 2.21 .  .  . . L R.q
y1 . 1 . ` .This shows that a « defines a bounded map from L R to L R .q
 :  . y1 .Taking w s x ¨ , ¨ g H, 2.20 follows for a « . Similar argumentsa q
y1 .give the estimate for a « .y
Now we apply this analysis to the operator
y12Äf
H « y E y 2 i« .  /f /
 .which is defined as a bounded operator on H since by 2.13 ,
2Äf
2.Im H « y E . 2 i« G 2« m ) 0. . 1 5 /f
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Let k be the multiplication operator on H by the function
x x1
y2 u  x . 2u  t . y2 y2u  x . 2 2u  t .k x s ie e f t dt s y 1 y 2« e f e dt .  .H H /2y` y`
2.22 .
then
LEMMA 2.3. In the operator sense on H, the following holds
y12Äf
i H « y E y 2 i« .  .  /f /
1 y1 y1 y1 2 y1Äs f a « f y f a « f y 2 i«f a « f a « f .  .  .  .y q q y2
and
y12Äf
y1 y1ii H « y E y 2 i« s f a « fk y kf a « f . .  .  .  .q y /f /
2.23 .
 .Proof. The two formulas in 2.23 are obtained in the same way and we
 . . ` . ` .prove only 2.23 i . Consider the following form on C R = C R0 0
q u , ¨ .
2Ä1 f
y1 y1s H « y E q 2 i« u , f a « f y f a « f .  .  . y q /2 f /
y1 Ä2 y1y2 i«f a « f a « f ¨ 2.24 .  .  ..q y 0
 .which by 2.16 can be rewritten as
q u , ¨ .
1
U Uy1 2 y1 y1 y1s f a « f a « f u , f a « f y f a « f .  .  .  . q y y q2
y1 Ä2 y1y2 i«f a « f a « f ¨ . 2.25 .  .  .. /q y
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Then a simple integration by parts leads to
q u , ¨ s u , ¨ . 2.26 .  .  .
` .  .  y1 . y1 .Since C R is a core for H « , then f a « f y f a « f y0 y q
y1 Ä2 y1 .  . .   .2 i«f a « f a « f ¨ belongs to the domain of H « y E qq y
Ä 2 Ä 2 . .  .  .2 i« frf * s H « y E y 2 i« frf and
1
y1 y1 y1 2 y1Äf a « f y f a « f y 2 i«f a « f a « f .  .  .  . .y q q y2
y12Äf
s H « y E y 2 i« 2.27 .  . /f /
` .  . .  .on C R , which shows 2.23 i since both sides of 2.27 involve only0
bounded operators.
 .Remark 2.1. The representations 2.23 of the resolvent are suggested
y1 . y2 y1 .if we consider for « ) 0 the operator f a « f a « f which is justq y
Ä 2 .  .   ..the formal inverse of H « y E y 2 i« frf see 2.16 . This operator
can be defined on




y1 y2 y1H « y E y 2 i« u s f a « f a « fu 2.28 .  .  .  .q y /f /
for all u g C . This last identity makes sense if C is a dense subset of H« «
which is true if we assume
x0 2f t dt s q` for some x g R. 2.29 .  .H 0
y`
 .In particular 2.29 is verified if H is in the limit point case at y`.
We conclude this section by the main result.
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THEOREM 2.1. Suppose h , h are satisfied then for any a ) 01 2
y12Äf 2y1 :  : 5 5sup u , x H « y E y 2 i« x u F 2a fu 2.30 .  .a a /f / 0«)0
5 5for all u g H and fu - `.
 . .Proof. We apply Lemma 2.2 on the representation 2.23 ii , then we
y1 ` .get for « ) 0 and ¨ s f u, u g C R0
y12Äf
y1 :  : 5 5 5 5¨ , x H « y E y 2 i« x ¨ F 2a ku u .a a /f / 0
y1 5 5 2F 2a u 2.31 .
5 5  .since k is a bounded function and k F 1. By extending 2.31 on all u`
5 5of H, fu - ` the theorem follows.
Remark 2.2. If we exchange « by y« , « ) 0 some slight modifications
of this method give, if we suppose
2Ä2f f 9 . 2 4Ä ÄH « s H q « q « f 2.32 .  .2f
` .  .is essentially self-adjoint on C R and h.1 satisfied, ;a ) 0, ;u g H,0
5 5fu - q`,
y12Äf 2y1Ä :  : 5 5sup u , x H « y E q 2 i« x u F 2a fu . 2.33 .  .a a /f / 0«)0
 . .  .Remark 2.3. It is useful to notice that 2.23 i and 2.18 determine
Ä 2 y1  .  . .vectors c g H for which w y lim Im H « y E y 2 i« frf ) 0.
« ª 0
3. APPLICATION TO A PRIORI ESTIMATES FOR
ÈSCHRODINGER OPERATORS
In this section, we give conditions which allow us to derive from the
approximate hamiltonian the approximate resolvent, and then a priori
estimates will follow. Suppose that
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 .  . q  .  yh.3 there exist a neighbourhood of ` y` , V s x , ` V s0
 ..  .  .y`, x , and a function F g A.C. R with derivative F9 g A.C. R s.t.0
 .  . 2 .  .i '0 - c F c - ` and c F x F f x F c F x1 2 1 2
 . ` q. ` y.ii F9 g L V j L V .
Ä  .Hence choosing f s Frf, 2.13 is satisfied and Theorem 2.1 can be
q  y.applied. We denote by x a smooth characteristic function of V , V ,
 4 5 5 q yV9 s support x 9 and we also suppose that x 9 F 1. Let K , K , and` « «
F be the multiplication operators respectively by the functions defined by
xx 2Äqy . qy. H 1yx .f  t . dt 2x Ä0K x s e , F x s f t dt , x g R. .  .  .H«
x0
Then the main result is
THEOREM 3.1. Let H s p2 q V be a Schrodinger operator essentiallyÈ
` . 5 5self-adjoint on C R and suppose h , h , h . Then ;a ) 0, ;u g H, Fu0 1 2 3
- `
y1 :  :sup u , x K H y E y 2 i« K x u . .a a 51) « ) 0 « «
5 5 2 5 5 2 5 5 2F c 1 q Fu q fu q u , 3.34 . 4E
q y.where K is the multiplication operator respecti¨ ely by the function K K ,« « «
2qy. 2 y1r2
` q y . `5 5 5 5c s c s c 1 q F9 q F q a .L V . L V9.E E
` q. ` y..if F9 g L V L V and c is a strictly positi¨ e constant depending only
 .and continuously on c and c .1 2
The proof of the theorem is based in part on
 : 5 5LEMMA 3.1. For all a ) 0, 0 - « - 1, u s x u, u g H, and Fuaa
- `,
3r2 5 y1 5 5 5 5 5 5 5« Ff a « fu F c Fu q fu q u , 3.35 .  . .Ä" a E
 y1r2 .where c s c 1 q a and c is a strictly positi¨ e constant depending onÄ Ä ÄE
c , c .1 2
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This lemma follows from a straightforward calculation, using again the
y1 . explicit kernel of the operators f a « f obtained in Section 2 see"
 ..2.18 and implies the useful estimate
y12Äf
3r2 4 1r2Ä 5 5 5 5 5 5« xf H « y E y 2 i« u F c Fu q fu q u .  .a E /f /
3.36 .
Ä4 . <  .  . <   ..since by h.3 , x x f x F const. 1 q F x for a const.) 0. We can
complete the proof of Theorem 3.1. Consider first the case Vqs Vys R,
 .  .x s 1, then h.3 and 3.36 allow us to use in the operator sense on the
 .domain of the multiplication operator by F, D F ,
y1H y E y 2 i« .
y12Äf
s H « y E y 2 i« .  /f /
y12Äfy1q H y E y 2 i« W H « y E y 2 i« , 3.37 .  .  .«  /f /
where
2ÄFF9 f
2 4ÄW s y2« q « f q 2 i« 1 y« 2  /ff  /
 .from which by using 3.36 and Theorem 2.1, a quadratic estimate leads to
y1 2 2 2 :  : 5 5 5 5 5 5u , x H y E y 2 i« x u F c 1 q Fu q fu q u .  . .a a E
3.38 .
 .with a slightly different constant c and shows 3.34 with K s 1. NowE «
` q.suppose F9 g L V . We have for « ) 0,
y12Äfy1 q qH y E y 2 i« K y K H « y E y 2 i« .  .« «  /f /
y1 q q 2Äs H y E y 2 i« K W q 2 i« x y 1 f A .  . .« « q
=
y12Äf
H « y E y 2 i« , 3.39 .  . /f /
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q 5 q5 qK is a bounded function, K F 1, and W is rewritten as`« « «
Wq x s « g x q xW x , 3.40 .  .  .  .« «
 .where g is also a bounded function and W is defined in 3.37 . On the«
Äother hand frf is bounded and for « ) 0
y12Äf
2 y1f A H « y E y 2 i« s f a « f 3.41 .  .  .q y /f /
 .holds in the bounded operator sense on H and formula 3.41 is justified
using one of the representations of the resolvent given by Lemma 2.3. In
Ä 2 y1  .  . .fact if we use the formal identity H « y E y 2 i« frf s
y1 . y2 y1 .  .  . y1f a « f a « f and A « s f a « f , we get immediatelyq y q q
 .  .3.41 . These arguments prove that 3.39 is valid in the operator sense on
 .D F . Then Theorem 3.1 follows in the same way as above.
 .  .Notice that 3.39 differs from 3.37 by a type of boost argument which
controls the region where the solutions f , f , and f increase too much.1 2
` y.Finally, the situation where F9 g L V is obtained by the same
arguments, exchanging
y1 y12 2Ä Äf f
H « y E y 2 i« by H y« y E q 2 i« , .  . /  /f f /  /
« ) 0 and Kq by Ky .« «
 .Remark 3.1. The assumptions of Theorem 3.1 also imply from 3.39
  .y1 .and Remark 2.3 that lim Im c , H y E y 2 i« c ) 0 for suitable
« ª 0
c g H.
THEOREM 3.2. Suppose that the assumptions of Theorem 3.1 are satisfied
< <on a Borel set S with Lebesgue measure S ) 0 then H is purely absolutely
 . < < < <continuous on S and if S9 s S l s H then S9 s S .ac
Proof. Let S s DS be a disjoint partition of S such that the estimateg
 .  w x.  .3.34 is uniform on each S , by the functional calculus see 4 m I sg c
  . . < <  .c , E I c F const. I for all real intervals I and S l I / B. Here E ?g
` .denotes the family of spectral projectors associated to H and c g C R .0
 .By the usual arguments, this implies that the spectral measure m ? isc
 .absolutely continuous with respect to the Lebesgue measure and E S c g
H . Since such c are dense in H, this gives the first assertion of theac
theorem.
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Ä On the other hand let S s s g S such that there exists a sequence of
Ä< < < < 4 < < < <intervals I , s g I , I l S ) 0, and I ª 0 then S s S ; let us shown n n n
Ä Ä ` .  .that S ; s H . For each s g S, let c g C R satisfy Remark 3.1, andac s 0
 .f x can be chosen continuously depending on the energy for x in any
 .compact subset of R. Then for all n, m I l S ) 0 sincec n
y1
m I l S G lim Im c , H y l y i« c dl .  . .Hc n s s«ª0
I lSn g
< <G const. I l S 3.42 .n g
< <  . 5  . 5for some g such that I l S ) 0. Then c s E I l S cr E I l S cn g n n n
 .is a Weyl sequence for H so s g s H .ac ac
 . .Remark 3.2. If we impose a weaker condition than h.3 ii , i.e.,
b
x
X q yF9 x F c F t dt on V V , 0 - b - 1r2 3.43 .  .  .  .HE  /x0
for some cX ) 0, in this case we will haveE
y1qy. qy. y2 b :  :sup u , x K H y E y 2 i« K x u s O « , .  . .a a 5« « u , E
1)«)0
3.44 .
 . q y.  .respectively if 3.42 is satisfied on V V . Formula 3.43 shows that E
is not in the pure point spectrum of H. Its proof follows from the same
1r2qb 5 b y1 . 5strategy as above by noticing that the quantities « F f a « fu" a
 .are uniformly bounded with respect to « for all b ) 0 and for u g D F .
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